Introduction
Two decades after its invention, friction stir welding (FSW) has the status of a novel and promising welding technique that has not yet been fully described, investigated or utilized in industry [1] . It is a process of joining two metals/alloys, with relatively simple equipment, that initializes complex physical processes in/around the parts that are being joined, resulting in the monolith structure of these parts.
FSW is a patented [2] [3] [4] solid state welding technique that needs no consumables or shielding gasses (except in some special cases) for the creation of a welded joint. Welding is performed with a specialized, usually cylindrical, welding tool which mounts into the spindle of a machine that can rotate the tool around its axis ( Fig. 1, a) .
During the last few years, FSW has been standardized for the welding of aluminium [6, 7] and its principle of operation has been fully described for single welding tool application [7] . Welding parts (recognized as a base metal, workpieces) mount on the backing plate (anvil) [7] and rigidly clamp in such a manner that abutting or dilatation of the base metal is prevented. The rotating welding tool is inserted into the base metal by (axial) force at a start point on the joint line and travels along it [7] . While it travels, the welding tool "machines" material in the base metal in the zone near the traveling path and confines it in the working zone in a mixture that is deposed beside the welding tool as a weld. When the welding length is reached, the welding tool retracts from the base metal and welding is completed. 
Heat generation during FSW
During FSW, the welding tool ( Fig. 1, b ) slides over the base metal, stirring, deforming, and mixing it. The base metal, anvil, and welding tool increase in temperature due the influence of the welding tool on the base metal. This change in temperature is a sure sign of heat generation caused by frictional contact that takes place during the welding process.
Thermodynamics recognizes several different types of heat transfer from a hotter to a colder body [8, 9] . Both the heat transfer and heat as an energy type have been investigated for a number of cases. However, a challenge appears when heat generation occurs as a result of the contact of two bodies. Heat generation is a process of energy transformation that takes place when one form of energy transforms into heat [8, 9] . This transformation is complex and it depends on the nature of the contact between the bodies, delivered loads, what materials are in contact, the surroundings, movement of the bodies etc. [9, 10] . Heat generated during FSW is the product of the transformation of mechanical energy delivered to the base metal by a welding tool. The transition of mechanical energy from the welding tool to the base metal happens between these bodies [10, 11] . Understanding that heat generates when a metallic body receives an "energy boost" and recognizing the dominant physical processes involved in the contact between the welding tool and base metal (friction, wear, adhesion, deformation, recrystallization of material, etc. [5, 11] ), some might say that heat during FSW is primarily generated due to friction and deformation processes that appear during FSW [11] . Friction processes always appear in boundary layers and, therefore, the frictional heat generates in the boundary heat generative layer. Deformational heat appears wherever the deformation of base metal appears: in the boundary layer as well as in zone of deformed material around the welding tool [5, [11] [12] [13] . Heat generates due to other processes (e.g. infrared radiation, vibrations) but at a much lower intensity than results from friction and deformation.
Mechanical energy primarily transforms into heat when the welding tool contacts the base metal, while secondarily it transforms in deformed material around the welding tool (Fig. 1, c) . That is the reason why the heat generative layer is the primary heat generation source while deformed material around the welding tool is the volume of material where secondary heat generation sources appear [5] . Understanding the process of heat generation and estimating the amount of heat generated during FSW are complex and challenging tasks that requires a multidisciplinary approach. Estimating the amount of heat generated during FSW aids in understanding the appearance of thermal stress and structural changes in base metals inflicted by heat. Understanding the heat generation in FSW might help in selecting the optimal technological parameters of FSW (e.g. rotation frequency, travel rate) from aspects of minimal thermal stresses and deformations, energy consumption etc.
State of the art
Heat generation and heat transfer became a topic of research related to FSW during mid 1990s. However, understanding heat generation and heat transfer processes within FSW requires understanding several other physical processes: material flow around the welding tool, contact pressure inflicted by the welding tool, the friction coefficient, wear, change of thermo-mechanical properties and heat transfer coefficients etc. Nandan et al. [14] gives a review of thermal processes in FSW, from the invention of FSW until 2008.
Chao and Qi [15] have introduced a 3-D heat transfer model in FSW with constant heat input. Constant heat flux at the shoulder of the welding tool, constant contact pressure and pure Coulomb's friction law for estimating shear stress, and heat were the main assumptions of the model. The experimental welding of plates made of aluminum alloy 6061-T6 was performed and the temperature history of welding plates was estimated. Heat input was adjusted ("trial and error" principle) until numerical and experimental temperatures were matched. As such, this model is the first model developed for estimating the amount of heat generated during FSW. Frigaard and Grong [16] presented a process model for heat flow in FSW, where they assumed that heat is generated only by friction on the tops of shoulders and probes. Heat input and friction coefficients were adjusted during the welding process to keep the calculated temperature below the melting point of base metal material. Heat input was a moving heat source with a linear distribution of heat flux at the contact surface. Gould and Feng [17] , and later Russell and Shercliff [18] , have applied the Rosenthal equation [19] for describing the moving heat source, heat flux distribution, and heat transport within base metals, welding tools and the surrounding area. Models consider friction heat only at the shoulder and use a finite difference method for a numerical solution of the heat equation. Russell and Shercliff [18] based the heat generation on a constant friction stress equal to the shear yield stress at elevated temperature, which is set to 5% of the yield stress at room temperature. The heat input is a pure point or line source. Colegrove et al. [20] have used an advanced analytical estimation of the heat generation on the welding tool with a threaded probe to estimate the heat generation distribution. The results show that the fraction of heat generated by the probe is about 20% of the total amount. Shercliff and Colegrove [21] developed a material flow model that investigates the influence of threads on the probe on material flow. An advanced viscous material model is introduced and the influence of different contact conditions prescribed as the boundary condition is analyzed. A thorough presentation of analytical estimates of the heat generation in FSW and influence of material flow on heat generation is given, as well. Khandkar et al. [22] introduced a torque based heat input model where experimentally estimated torque is a heat source. Khandkar modeled advanced heat transfer within the FSW process with frictional and deformational heat input into the process. Song and Kovačević [23] investigated the influence of the preheating period on the temperature fields in FSW. A sliding condition of the welding tool over the base metal was assumed and an effective friction coefficient and experimental plunge force are input into the heat source expression. Schmidt and Hattel [12] have defined an analytical model for estimating the amount of heat generated during FSW that recognizes the shoulder and the probe of the welding tool as heat sources and concludes that about 89% of heat is generated at the shoulder. Heat has friction and deformation components and the total heat is a sum of both with influence of the contact state variable [12, 24] . The effective value of the friction coefficient was used in calculations. Reliability of the previously proposed ideas and principles of heat generation were summarized by Nandan et al. [25] . Nandan has performed FSW of dissimilar aluminum alloys and his results have shown that a constant state variable (also referred as an extent of slip) gives values close to sticking.
Further advances in heat generation and modeling included finite element analysis (FEA) in FSW. Ulysse [26] presented a 3-D visco-plastic FEA model using the commercial software FIDAP. The heat generation was determined to be a product of the effective stress and the effective strain-rate. Results show that the model consistently over predicted the measured temperatures probably from an inadequate representation of the constitutive behavior of the material used in FSW. Steuwer et al. [27] used the experimentally observed mechanical power as input in the model. The influence of tool loads on residual stresses was investigated. Chao et al. [28] recognizes two boundary value problems in heat transfer: heat transfer in the welding tool as steady state while considering heat transfer within workpieces as transient. The amount of the heat that flows to the tool dictates the life of the tool and the capability of the tool in the joining process. In discussions, it is shown that the majority of the heat generated from the friction, about 95%, is transferred into the workpiece and only 5% flows into the tool and the fraction of the rate of plastic work -deformation, dissipated as heat is about 80%. Heurtier et al. [29] presented a 3-D model based on the fluid-velocity fields where the tool shoulder and the plastic strain of base material near the welding tool were heat sources. The model has shown good agreement regarding the numerical and experimental results. Santiago et al. [30] introduced a model with rigid and visco-plastic materials in which the plates move towards the rotating tool and the material flow at the interface is specified as a boundary condition. The results estimated from the model correspond to the steady state of the FSW process that has been proposed by Chao [28] . Schmidt [31] has adopted a fully coupled thermo-mechanical dynamic analysis model also aiming to achieve the steady welding state in ABAQUS/Explicit.
Colligan [32] gave a conceptual model that describes dominant parameters affecting heat generation including a detailed description of the existing literature and the principles of specific physical processes in FSW, e.g. friction coefficient. Kalya et al. [33] investigated torque, specific energy and temperature during FSW and gave a correlation between torque, angular frequency and travel rate. The conclusion was a simple correlation between the friction coefficient and mathematically modeled torque. Kumar et al. [34] proposed an experimental setup for estimating the friction coefficient for different contact pressures, temperatures and materials of workpieces. A number of results showed that the friction coefficient varies during FSW from 0.1 up to 4. Setup and the mathematical model are limitedly applicable due to the design of the setup, kinematical complexity of the FSW and approximations involved in the mathematical model. Colligan [35] has investigated the material flow around the welding tool using a tracer embed and "stop action" technique. The results gave deep insight in the material flow patterns, influence of the thread on material flow, influence of rotation direction, as well as some metallurgic and details about heat transport in the zone of the deformed material. Nandan et al. [36] gave some numerically estimated results about viscoplastic material flow, heat transport, viscosity changing and material deposition behind the welding tool. Ouyang and Kovačević [37] have shown that material flow is always dissimilar along the joint line when welding either similar or dissimilar materials. Material flow-patterns can be easily traced in the vortex-like microstructure known as the welding nugget. Material in the zone of the nugget suffers significant plastic deformation, thermal recrystallization and acts like a quasi heat source. Lorrain [13] has explained in detail the shear layer of material and material flow patterns around the unthreaded probe. The existence of the rotating layer in the material near the welding tool is pointed out and it is concluded that material flow is significantly lower when a welding tool without threads is used. Lack of material flow had no influence of the strength of the weld.
Analytical model for estimating the amount of heat generated during FSW
Heat generation is an unavoidable process following the friction stir weld-creation process. Since FSW is a welding procedure that uses a welding tool as an initiator of the joining process of workpieces, the welding tool delivers activation energy [38, 39] to workpieces and the joining of the workpieces is achieved while heat generates.
This study presents an analytical model for estimating the amount of heat generated during FSW [5] . The model recognizes geometrical, kinematic, physical and energetic possibilities of heat generation during FSW, recognizes dominant parameters affecting the heat generation process and uses them to estimate how much mechanical power is transformed into heat. Existing models for estimating the amount of heat generated during FSW [12, 15, 17, 20, 22, 23, 25, 26] recognize many parameters affecting the heat generation process. Some of them are topology and geometry of the welding tool, technological parameters (tool rotation speed n [rpm] or angular velocity  [rad/s], travel rate vx [mm/s], tilt angle, etc.), loading (axial force Fz, torque Mt etc.), physical phases of FSW, duration of the welding procedure, duration of certain phases of the welding procedure, etc. Furthermore, these parameters initiate other parameters that affect heat generation process: friction coefficient , contact pressure p, shear stress , temperature T, mechanism of heat generation (defined over e.g. the constant state variable ), etc. However, presented models simplify FSW assuming e.g. constant friction coefficient [12] , constant contact pressure [15] , pure frictional heat generation [12, 15, 17, 23] , heat generation only due work of the largest part of the welding tool [20, 23, 25, 26] , no heat generation when temperature in the workpiece reaches melting point [22, 23] etc. Such assumptions are affecting the usability and the precision of results derived by developed models.
The model presented here considers many of the previously analyzed parameters. Special care in the model is given, beside estimating values of parameters, to the mutual dependences between parameters and their influence on the heat generation process. Such dependences are numerous and it is not possible to recognize all of them. Furthermore, many of them are too difficult to be explained analytically and require the numeric calculations and the experimental estimation/validation. These are the reasons why analytical model considers only the most important dependences (Fig. 2, a) .
Because of the nature of this approach, the proposed analytical model relies on three major elements: analytic algebra, numerical calculations and experimental data [5] . The analytic algebra is based on existing research and results but includes some improvements. The algebra is developed for a complete welding tool, involves more dominant parameters in the calculations than in previous models, recognizes more dependencies between parameters, neglects fewer parameters and has a shorter calculation time. One of the improvements of the algebra is the implementation of a numerical material flow model with respect to energy balance in workpieces. The numerical calculations use adequate numerical procedures to give good precision and convergence during a short-computing time. [5, 44] , b) Partial algorithm for generated heat estimation [5] The analytical model gives precise results only if experimentally estimated parameters are involved in the model. Furthermore, verification of the analytical model can be done by comparing the results from analytical model with experimentally estimated results. Experimental data is obtained during the welding of the workpieces made of Al alloy 2024 T351 and is used as input and for verification of the analytical model. Mutual dependences of the parameters affecting the heat generation are derived in iterative work regime of the analytical model: time and space are discretized and conditions numerically estimated for the present discretized moment of time are the input for the future discretized moment of time (Fig. 2, b) .
Since welding tool is the main initiator of the welding and the heat generation process, it s important to analyze the welding tool and its influence on workpieces as well as the physical engagement of the welding tool while welding.
Active surfaces, active surfaces engagement and physical phases of the FSW process
A number of different types of welding tools have been introduced from 1992 until the present [1, 40, 41] . They differ in shape, dimension, mechanical properties etc., and every tool is applicable to a specific material and limitedly applicable to some others. However, all welding tools have the same basics: they consist of at least one shoulder carrying at least one probe directly involved in welding. Recently advanced bobbin tools [7] have appeared when the welding tool has two shoulders. No matter how complex or simple the welding tool is, a limited portion of the welding tool is in constant contact with the base metal and performs the welding. The welding contact region (WCR) on the welding tool consists of three areas called the active surfaces of the welding tool (ASWT). There are always three of them: probe tip (pt), probe side (ps) and shoulder tip (st) (Fig. 1, b) . Complete welding and all physical processes following it appear on these surfaces or close to them [5] . Probe tip is usually the smallest ASWT located at the top of the probe. It can be flat, curved or flanged, and rounded at the corner where it connects with the probe side. The probe side is cylindrical or conned ASWT sharing the same rotational axis with the probe tip. The area of the probe side is enlarged by various threads or flanges that help in more intensive mixing of material into the weld [41] . The root of the probe side connects with the shoulder. The shoulder tip is the largest ASWT, usually flat or curved in a manner that creates a "reservoir" for flashed material that come from the workpieces. It is confined to the top surface of the weld and has a role in imperfection-free weld creation [11] .
At the beginning of the FSW process, the welding tool is positioned above the workpieces and the rotation axis of the welding tool is (nearly) perpendicular to the joint line.
After positioning, the welding tool starts to rotate at a constant rate (n revolutions per minute, angular velocity of  [rad/sec]) and slowly plunges into the workpieces in the direction of the -z-axis. That is the start of the welding process starts t=t0. Plunging stops when the plunging depth is reached (t=t1, duration of the plunging is tpl=t1-t0). The plunging depth is equal to the height of the workpieces or slightly smaller and it is achieved at a constant travel rate of the welding tool of vz. The welding tool continues to rotate and dwells until t=t2. During this time period (tdw1=t2-t1) the workpiece material is being prepared for the welding: it heats and softens in the area near the welding tool. Afterwards the welding tool begins a translational movement along the joint line (x-axis) at a constant travel rate of vx. The rotation and translation of the welding tool make the workpiece material (near the welding tool) deform, stick and mix into a monolith composition (weld) that is deposed in the area behind the welding tool. Movement of the welding tool along the joint line lasts until the welding length l is reached, at t=t3. This period (tw=t3-t2) is the productive phase of the welding process. Translation of the welding tool stops and the tool dwells at the end point until t=t4 (tdw2=t4-t3). The welding tool then moves in z direction and leaves the weld and workpieces. When the welding tool is completely removed from the workpieces (t=t5, tpo=t5-t4) the welding process is over. The physical phases of FSW are shown in Fig. 3 . In certain circumstances, dwelling can be excluded from the welding process, however, a full FSW process consist of the plunging phase (t0 to t1), first dwelling phase (t1 to t2), welding phase (t2 to t3), second dwelling phase (t3 to t4), and pulling out phase (t4 to t5) [5] . Active surfaces of the welding tool are involved differently in the welding process during a complete cycle of welding, and engagement of every active surface varies during the cycle (Fig. 4, b) . The probe tip is involved in welding from the beginning of the welding process until the end of the second dwelling phase (t0 to t4). Since the complete probe tip is fully involved in welding, engagement of the probe tip is considered as maximal. The probe side is involved in the welding process when intensive plunging appears (at tpl') [5, [42] [43] [44] [45] [46] . Engagement of the probe side rises with the rise of the probe plunge into workpieces. With the end of the plunging phase (t1), engagement of the probe side reaches a certain value and keeps it during the complete first dwelling phase. When the welding phase starts (at t2), engagement of the probe side rises toward maximal. This value is reached when the welding process stabilizes -travel rate (s) vx reaches a steady value (at tpl") and it keeps constant until the end of the second dwelling phase (t4) and afterwards it decreases. The shoulder tip is involved in the welding process before the end of the plunging phase (tst) and it reaches full engagement when plunging stops (t1) and keeps it until the end of the second dwelling phase. 
Estimating the amount of heat generated during FSW
As previously mentioned, the heat generation process within FSW is a process that transforms mechanical energy (power) into heat. If Q represents a heat transformation [5] , the total amount of heat generated during FSW -Qt is a function of mechanical power Pa delivered to the welding tool:
The welding tool performs dual movement: translation (tr) and rotation (rot), and the total amount of generated heat is the sum of translation Qttr and rotational-generated heat Qtrot:
The amount of translation heat is significantly smaller than amount of rotational heat [5, 12] and it can be neglected in analysis.
Heat is generated at or near the ASWT [5, 10, 12] and the total amount of generated heat is the sum of heat generated on every ASWT:
where Qpt -the amount of heat generated at probe tip, Qps -the amount of heat generated at probe side and Qst -the amount of heat generated at shoulder tip.
Simplifying the analysis and assuming that the total amount of mechanical power transforms into heat (Q =1), the total amount of heat becomes:
Mechanical power depends on angular frequency  and torque Mt and the total amount of generated heat is:
where dFt -infinitesimal force, r -distance of a infinitesimal segment, dA -infinitesimal area, cont -contact shear stress in material. Different topologies of active surfaces result in different amounts of heat generated on them that give different expressions for estimating the amount of generated heat (Fig. 5) . After the integration of Eq. 6, the expressions for the analytical amount of heat generated on every ASWT are, respectively:
where: d -nominal diameter of probe, D -diameter of shoulder, h -height of probe,  -cone angle of shoulder,  -cone angle of probe.
There is heat generated by friction (frictional heat) and heat generated by deformation (deformational heat) [5, [10] [11] [12] . Both types of heat appear simultaneously on every ASWT and both influence one another. Considering both types of heat and their mutual influence on one another, the total amount of heat generated on the probe tip, probe side, and shoulder tip are, respectively:
  
where heat indexed with fr represents frictional heat, heat indexed with def represents deformational heat, pt, ps, st -a dimensionless contact state variable (extension of slip) at the probe tip, probe side and shoulder tip, respectively.
The frictional and deformational amount of heat in equations 10, 11 and 12 for every ASWT, using Equations 7, 8 and 9 with respect to the contact shear stress [12, 5] is:
, for frictional heat generation , for deformational heat generation
where: -friction coefficient, p-contact pressure, yield-shear yield strength of workpieces.
Beside geometrical dimensions of the welding tool (d, D, h, H, , , etc.) and technological parameters of the process (, vx), all other parameters (, p, cont, yield, T, Fz(t), Mt(t), pt, ps, st,
t1, t2, tps', tst, etc.) necessary for the analytical model have to be estimated analytically, numerically, experimentally or combining the estimation procedures.
Estimating the friction coefficient:
Due to the complex kinematics of the FSW, it is difficult to establish a straightforward procedure for estimating the friction coefficient in FSW. Previous research recognizes the friction coefficient as a variable in FSW, but neglects the variation and assumes a constant value throughout the complete cycle of FSW. Usually, the friction coefficient within FSW, for a welding tool made of steel and workpieces of aluminium is equal to 0.3-0.4 [12, 34] .
Kumar et al. [34] proposed an experimental model for estimating the friction coefficient during FSW. The model is based on the experimental estimation of the momentum of friction and axial force, which are necessary for estimating the friction coefficient. Figure 6 gives the functional schematic of the measuring place for the estimation of the friction coefficient. To estimate the coefficient of friction during FSW, it is necessary to estimate the momentum of friction and axial force [5] . The momentum of friction is the multiplication of the tangential force Ft(t) (measured at force sensor 10, Fig. 6 ) and length of the pole (friction pole) Lt. If the diameter of the welding tools probe in contact is d(t) and axial force is Fz(t), the friction coefficient  can be estimated as [14, 34] : The proposed model gives approximate results and only for the first two phases of FSWplunging and first dwelling. The model is not applicable to the welding phase because the measuring system loses its stability when the welding tool travels along the join line and the momentum of friction cannot be measured [5] . Without proper model for estimating the friction coefficient during welding phase, friction coefficient has to be modeled. Friction coefficient used for the analytical model is estimated regarding the experimental results.
Estimating the contact pressure:
Contact pressure p appears at the beginning of the plunging phase as a result of axial load Fz(t) on the welding tool. Hertz [45] has proposed the first model for distributing contact pressure if a cylinder with a flat base punches into the plane, while Munisamy et al. [46] and Levytsky [47] have proposed models describing contact pressure distribution and heat generation when the axis of the cylinder is tilted.
Distribution of the contact pressure p(r,t) delivered by the flat probe tip (Fig. 7, a) is [48] : [4, 42, 43] If the probe tip has a spherical shape, contact pressure is distributed (Fig. 7, b) as [48] :
where E -represents the median modulus of elasticity estimated as: 
and Ewt -the modulus of elasticity of welding tool's material, wt -the Poison's ratio of welding tool material, Ewp -the modulus of elasticity of the workpieces's material, wp -Poison's ratio of the workpieces's material.
For engineering practice median contact pressure pm(t) gives good results:
Research [5, 10, [42] [43] [44] has shown that contact pressure distributed to workpieces reaches different values in different zones -in some zones it overcomes the yield strength of workpieces, while in other zones it has values lower than the yield strength (Fig. 8, c) .
Existence of such zones multiplies the resistance of workpieces and plunging and intensive plunging appears when [5, 10, [42] [43] [44] :
where: yield(T) -yield strength of workpieces in function dependence with temperature T. [5, 10, 42] Contact pressure delivered by the shoulder tip is similarly distributed (Fig. 8, b ) with a flat probe tip [5] . It appears smoothly since the shoulder tip is continuously involved in welding. Superposed contact pressure delivered by the probe tip and shoulder tip [5] is:
Contact pressure delivered by the probe side (Fig. 8, a) is a case of a modified "cylinder in cylinder" contact problem [45, 49] . Threads on the probe side increase the complexity of the analysis of the contact pressure distribution, however, with or without threads, median contact pressure on the probe side is: 
F t t t t p p t dh t t t t
where: Fx(t) -force in welding direction, h -height of the probe/workpieces.
Estimating the tangential shear stress: When the deformation of workpieces appears, the rotational layer of the softened material travels around the welding tool [5, 12, 35, 37] . This is possible only if loads delivered by the welding tool inflict tangential stresses larger than the shear yield strength. The boundary value of such tangential shear (contact) stress, from von Misses yield criterion in uniaxial tension and pure shear [5, 12, 41, 42] , is:
where: cont(T) -tangential contact stress in function of temperature T, yield(T,) -shear yield strength of workpieces' material in function of temperature T and strain rate , yield(T,) -yield strength of workpieces' material in function of temperature T and strain rate . Yield strength of material is highly dependent on the temperature and strain rate, and the analysis of tangential stresses within FSW requires the full temperature and strain history in of the workpieces in a wide zone around the welding tool [5, 11, 14, 17, 23, 24, 27, 30] . However, analysis of heat generation in FSW can neglect the influence of strain on the decrease of yield strength and still maintain sufficient precision [12] . Neglecting is possible since the maximal temperatures of the material reach about 80% [38] of the melting temperature when strain has significant values due to near melting conditions in the material [18, 22] . Tangential contact shear stress is:
where: yield(T) -yield strength of workpieces' material in function of temperature T.
Thermo-mechanical properties of Al 2024 T351 are given in [5, 12, [50] [51] [52] [53] .
Estimating the contact state variable: The contact state variable or extent of slip is a parameter defining the influence of slipping in the heat generation process following the difference in the velocity of the welding tool and material, and relates frictional vs. deformational heat. It is obtained after curve fitting the experimental data regarding measured velocities [12, 14, 54, 55] :
where: min -minimal measured slip, 0 -adjustable parameter depending on the material of the workpieces, R -maximal radius of the welding tool, 0 -normalized angular frequency of the welding tool (often the mid-point of the diapason of the measured angular frequencies).
Early works [12] considered the extent of slip as a single value for a complete welding tool. Experiments [5] have shown that the decomposition of the welding tool provides more precise results for the extent of slip if estimated for every ASWT separately. For example, when welding Al alloys with a steel welding tool with a threaded probe [12] , with concern for the ASE of ASWT, the partial extent of slip is: (27) where: pt = 0.1, ps = 0.2, st = 0.1, 0 =0-1 from [5] .
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Estimating the temperature history of workpieces: Estimation of workpiece temperature requires knowing how much heat is generated during welding since heat influences temperature increase and it has to be done in an iterative regime . An iterative regime requires the discretization of time and space (Fig. 9, b) , numeric calculations and significant computing time [5] . Temperature history of workpieces and welding tool can be estimated solving heat equations: 
where: w -density of the workpiece, cw -specific heat capacity of the workpiece, w -thermal conductivity of the workpiece, wt -density of the welding tool, cwt -specific heat capacity of the welding tool, wt -thermal conductivity of the welding tool. Figure 9 . Workpieces, welding tool, bolts and anvil positioned for welding: a) realistic view with dimensions and some technological parameters used in experiment [5] , b) discretized view (primarily and secondarily meshed with adaptive grid) [5] Thermal energy generation source qv is directly affected by generated heat Qt and volume receiving generated heat Vt:
Initial conditions for such a system include the recognition of the initial temperature:
T r r r r r r Figure 10 . a) Discrete nodes with coordinates and temperatures, b) discretised space with a schematic of "node replacement and substitution" method [5] 
Experimental procedure applied on aluminium alloy 2024 T351
The analytical model for estimating the amount of heat generated during FSW [5] is closely bound to the experimental research:
The analytical model gives realistic results only if some inputs into the model (axial force, torque, momentum of friction etc.) are obtained during realistic welding;
Validation of the analytical model and verification of gained results is possible only if some outputs from the model (e.g. numerically estimated temperature history of workpieces) are compared with the experimentally obtained results.
Such demands of the analytical model require a workplace with measuring equipment. Figure 11 gives a model of a realized workplace [5] where the welding of plates of Al 2024 T351 (some details given in Fig. 10, a) with the welding tool (given in Fig. 2, a) was performed. [5] Welding was performed on a universal lathe with a horizontal operational axis (z-axis). Anvil, force sensor and backing plate are assembled and mounted on the machine's tool rest. Holes in the anvil (where fundamental bolts assemble force sensors) and the anvil and backing plate are larger than the diameter of the bolts and allow for the axial translation of the force sensor and measurement of axial force. Workpieces (dimensions given in Fig. 9, a) are bolted to the anvil and tilted over the machine's tool rest at an angle of 1. The welding tool and its spindle are clutched to the torque sensor that is mounted into machine's spindle. A rigid axial-radial bearing house between the clutch and the welding tool disables the transmission of axial and radial forces from the welding tool to the torque sensor and machine's spindle. Such a design provides the correct measuring of axial force on the welding tool. Second working/measuring configuration (given in Fig. 6 ) is used for measuring the momentum of friction, axial, and tangential force at the welding tool in order to estimate the experimental friction coefficient. The machines used for this measuring configuration are vertical milling machines. The anvil and workpieces are mounted on an axial bearing above the axial force sensor. The anvil carries a tangential friction pole engaged in measuring the tangential force delivered by the torque of the spindle. As previously mentioned, such a design of the measuring equipment provides usable results only for plunging and the first dwelling phases. An infrared camera was used for measuring both the configurations that were used to estimate the thermal history of workpieces and the welding tool. The experimental procedure of welding had three stages: to get familiar with the welding process, to get optimal technological parameters and to measure parameters necessary for the analytical model while creating qualitative welds [5] . Figure 12 , a represents a typical diagram of torque and axial force measured during welding resulting in a qualitative weld.
Using a second measuring configuration, torque, axial and tangential force are obtained for numerous conditions. Figure 12 , b shows a typical diagram of these parameters, obtained with optimal technological parameters. These values are used for estimating the experimental value of the friction coefficient (Fig. 12, c) . However, since the proposed method gives limitedly usable values of the friction coefficient, based on experimental results, the friction coefficient is modeled for usage in the analytical model (Fig. 12, d ). In order to investigate the properties of welds (tensile and bending efficiency, hardness, metallic structure etc.), test samples were extracted from welded workpieces. Figure 13 , a gives a schematic of the sample dimensions and positions of samples in workpieces. All welded joints used for sampling had a vortex-like structure of material called weld nugget, located along the joint line (Fig. 13, b) . All tested samples (1-3) from all tested welds have a crack in the weld zone at the border of the nugget (Fig. 13, c) .
Tested samples have shown a bending efficiency of about 12% (reaching a bending angle of about 11 while samples from parent material have reached an angle of about 89). Results of joint (tensile) efficiency, the samples' hardness and the dimensions of the weld nugget in test samples are shown in Fig. 14. 
Results and discussion
Whereas the experimentally obtained results included in analytical model makes use of some the necessary parameters affecting the heat generation process within FSW (contact pressure, shear stress etc.) and the amount of generated heat is relatively easily estimated, the numerical estimation of the temperature field of the wokpieces requires some computational time [5] . Experimentally estimated temperature can be easily inputted into analytical model in order to estimate the amount of heat generated during FSW and computational time can be significantly shorten. However, temperature change is the main product of heat generation and the verification of analytical model can be done via temperature comparison [56] . Figure 15 , b gives the analytically estimated amount of generated heat during the welding of plates made of Al 2024 T351 (the dimensions of plates and technological parameters of the process are given in Fig. 9, a) with the welding tool with conned, threaded probe (given in Fig. 3, a) . There were six repetitions of the welding procedure and the same number of applications of the analytical model. Characteristic moments of the process, operational technological parameters, values of measured axial force and torque delivered to the welding tool are given in Fig. 15, b , as well. The ratio of generated heat and engaged mechanical power is effective heat transformation Qef (Fig. 15, a) and it varies between 60%-100% in this application. The median value of effective heat transformation is 86.58% while it reaches 90.25% during welding phase. The maximum generated heat is 2.9 kW, reached during the plunging phase (when the shoulder tip is involved in the welding process at tst). Figure 17 . a) Temperature distribution in workpieces in plane normal to the joint line, b) temperature history (experimental and numerical) of specific discrete nodes, c) location of selected discrete nodes [56, 57] Figure 16 , a gives a rendered image of numerically estimated temperature in workpieces. Rendering is done for the moment the temperature reached maximal value -a few seconds before the tool shoulder was involved in the welding process. Figure 17 , a gives the temperature distribution in a plane normal to the joint line for the same moment of time. The temperature peak is slightly dislocated from joint line to the advancing side of the weld. Analysis of heat generation required information about temperatures on contact between ASWT and the workpieces. Figure 16 , b gives the median temperatures of all ASWT during the welding cycle. A comparison of the numerically and experimentally derived temperatures is done for 24 discrete points on the workpieces with adequate points from the numerical simulation (Fig. 17, c) . Figure 17 , b gives a diagram of both temperatures for two selected points. The largest difference between temperatures was about 11% in point 1 (absolute of 12C) while other points had differences of 0.5-3.5% (absolute of 2-13C) [5] .
If the engaged mechanical power and generated heat are compared, it is clear that they have the same trend and notable changes in both are mostly connected with the characteristic moments of time. Mechanical power consumption and heat generation are more intense in the plunging and the first dwelling phases than in other phases. With a drop in the axial force (at the beginning of the first dwelling phase), torque drops as well, which results in the stabilization of the heat generation process and a drop in the temperature of the workpieces. The welding process is always in a quasi-equilibrium state: increase in temperature lowers the generated heat, engages mechanical power and axial force; decreases of the temperature, and increases power consumption and heat generation (almost sinusoidal temperature character, Fig. 16, b) . At the end of the first dwelling and the beginning of the welding phase, the system (tool-workpieces-anvil) has reached nearly the maximal observed temperatures. During the welding phase, the system constantly decreases the temperature -probably workpieces were "overheated" due to the long lasting first dwelling phase (tdw127 s). Power consumption and heat generation drop as well while axial force steadily rises until the moment when effective heat transformation reaches app. 85% (t150 s, Fig. 15, b) and axial force reaches a value of 11-12 kN. Analyzed results from tensile and hardness testing (Fig. 14) , best distribution of hardness, smallest weld nugget and the most efficient welds of app. 80% are reached in test samples no. 3 -at the end of welding, where heat transformation has a value near 85%. Samples 1 have the worst joint efficiency (app. 55%), exhibiting W-shaped hardness distribution with great variation of hardness and largest weld nugget. Welding in the zone of samples 1 is performed at highest temperatures and with an effective heat transformation of app. 90% and the lowest axial force (7-9 kN).
Conclusions
The analytical model developed here utilizes analytical algebra, experimentally gathered data and numerical calculations to estimate how much of the mechanical power delivered to the welding tool is transformed into heat. The novel approach in the model focuses on the recognition of the active surfaces involved in welding, engagement of active surfaces during welding, recognition of dominant parameters involving heat generation and their estimation, recognition of mechanisms of heat generation and their utilization, and implementation of a new numerical model for defining the material flow around the welding tool. Experiments and temperature based validation of the model are done on Al 2024 T351 5 mm thick plates.
Results from the model have shown that 60-100% of the mechanical power of the welding tool transform into heat during FSW with a median of 86.58% in a complete welding cycle. The median value of heat transformation during welding is about 90% which is in agreement with previous results. Comparison of workpiece temperatures from numerical calculations and experiments has shown a maximal relative error of 11% (about 13C) while the maximal temperature of workpieces reached a maximal temperature of app. 394C (79% of Al 2024 T351 melting temperature).
Heat generation appeared to be extreme in the welding-procedure-dependent process: preheating of welding plates, derived by a long dwell of the welding tool at the beginning of the welding, has significant influence on heat generation and the quality of the welded joint. Too long dwelling "overheats" workpieces and the welding phase happens during continuous transient cooling. In such conditions, heat transformation is near (and above) 90%, joints have 50% tensile efficiency and a large weld nugget. For conditions of heat transformation of app. 85%, joints reach app. 80% of tensile efficiency and have the smallest weld nugget. In both situations, it was necessary to have minimally 11kN of axial force to acquire a qualitative weld. If the optimal technological parameters of FSW and the welding tool are selected, heat management in FSW is of great importance for the quality of the weld. Due to the low bending efficiency of investigated welding, alloy 2024 T351 is legally considered to be a tough and a limitedly weldable alloy.
